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FREE VECTOR LATTICES OVER VECTOR SPACES
MARCEL DE JEU
ABSTRACT. We show that free vector lattices over vector spaces can be realised
in a natural fashion as vector lattices of real-valued functions. The argument
is inspired by earlier work by Bleier, with some analysis in locally convex
topological vector spaces added. Using this fact for free vector lattices over
vector spaces, we can improve the well-known result that free vector lattices
over non-empty sets can be realised as vector lattices of real-valued functions.
For infinite sets, the underlying spaces for such realisations can be chosen to
be much smaller than the usual ones.
1. INTRODUCTION
It is a classical result from universal algebra that free vector lattices over
non-empty sets exist. It is likewise classical that such vector lattices have re-
alisations as vector lattices of real-valued functions. In this paper, we adapt
Bleier’s proof in [4] for this fact to show that also free vector lattices over vec-
tor spaces can be realised as vector lattices of real-valued functions in a quite
natural way; see Theorem 2.4, below. Using this fact, we can then improve
the aforementioned result on realisations of free vector lattices over non-empty
sets; see Theorem 3.3, below.
In this paper, all vector spaces are over the real numbers. We let co(S) denote
the convex hull of a non-empty subset S of a vector space. When S is a non-
empty set, we let Fun(S) denote the real-valued functions on S.
2. FREE VECTOR LATTICES OVER VECTOR SPACES
We start by giving the definition of a free vector lattice over a vector space.
The general definition of a free object in the context of a category and a sub-
category of it can be found in [6], for example. In the present context, where
the vector lattices with the vector lattice homomorphisms as morphisms form
a subcategory of the vector spaces with the linear maps as morphisms, it is the
following.
Definition 2.1. Let V be a vector space. Then a free vector lattice over V is a
pair ( j, FVL
VS
[V ]), where FVL
VS
[V ] is a vector lattice and j : V → FVL
VS
[V ] is a linear
map, with the property that, for every vector lattice E and for every linear map
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ϕ : V → E, there exists a unique vector lattice homomorphism ϕ : FVL
VS
[V ]→ E
such that the diagram
V FVL
VS
[V ]
E
j
ϕ
ϕ
is commutative.
Let us suppose that such a pair ( j, FVL
VS
[V ]) exists.
Suppose that ( j′, FVL
VS
[V ]′) is another pair with this property. The unique vec-
tor lattice homomorphism j′ : FVL
VS
[V ] → FVL
VS
[V ]′ such that j′ = j′ ◦ j and the
unique vector lattice homomorphism j : FVL
VS
[V ]′ → FVL
VS
[V ] such that j = j ◦ j′
are then such that j ◦ j′ is the identity map of FVL
VS
[V ] and j′ ◦ j is the identity
map of FVL
VS
[V ]′. Hence, if there exists a vector lattice ( j, FVL
VS
[V ]) as in the def-
inition, then FVL
VS
[V ] is uniquely determined up to a unique compatible vector
lattice isomorphism. We shall then simply say that FVL
VS
[V ] exists and let FVL
VS
[V ]
stand for any realisation of it, the accompanying map j being understood.
It is clear that the sublattice of FVL
VS
[V ] that is generated by j(V ), together
with the map j with now this sublattice as codomain, have the same universal
property. It then follows from the essential uniqueness of pairs with the uni-
versal property that FVL
VS
[V ] must be equal to its sublattice that is generated by
j(V ).
The linear maps from V into vector lattices separate the points of V ; those
into the real numbers already do. This implies that j must be injective.
After these well-known generalities, it is clear that, if a pair ( j, FVL
VS
[V ]) as in
Definition 2.1 exists at all, then FVL
VS
[V ] is generated as a vector lattice by its
linear subspace j(V ) which we can (and shall) identify with V .
It is far less clear that FVL
VS
[V ] actually exists. By [6, Theorems 6.2 and 7.1],
both ultimately based on a general theorem for equational classes from univer-
sal algebra, a number of free objects that are vector lattices and vector lattice
algebras are known to exist. The free vector lattice FVL
VS
[V ] over a vector space
V is one of them. In the current paper we shall take this existence of FVL
VS
[V ] as
a starting point.
Once we know that FVL
VS
[V ] exists, we can find concrete models for it. We
shall now set out to do this. As mentioned earlier, our approach is inspired by
Bleier’s work in [4].
We start with two preparatory lemmas.
Lemma 2.2 (Bleier). Let E be a vector lattice, let k ≥ 1, and let e1, . . . , ek ∈ E.
Suppose that 0 ∈ co{e1, . . . , ek}. Then
∧k
i=1 ei ≤ 0.
Proof. Bleier’s original proof of [4, Lemma 2.1] uses the fact that every vector
lattice is known to be a subdirect product of totally ordered vector lattices. For
totally ordered vector lattices the result is easily seen to be true, and the general
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statement then follows. The following more elementary argument provides an
alternate and direct proof.
There exist r1, . . . , rk ≥ 0 with
∑k
i=1 ri = 1 such that
∑k
i=1 riei = 0. Take j
with 1≤ j ≤ k. Then
∧k
i=1 ei ≤ e j , so r j
∧k
i=1 ei ≤ r je j. On summing over j, we
find that
∑k
j=1
r j
∧k
i=1
ei ≤
∑k
j=1
r je j = 0. Since
∑k
j=1
r j = 1, we conclude
that
∧k
j=i
ei ≤ 0. 
The following is a variation on [4, Theorem 2.2]. The argument in its proof
is completely parallel to Bleier’s.
Lemma 2.3. Let E and F be vector lattices, and let Ψ : E → F be a vector lattice
homomorphism. Suppose that E is generated as a vector lattice by a linear subspace
V with the property that 0 ∈ co{v1, . . . , vk} whenever k ≥ 1 and v1, . . . , vk ∈ V
are such that
∧k
i=1
Ψ(vi) ≤ 0. Then Ψ is injective on E.
Proof. Suppose that x ∈ E is such that Ψ(x) = 0. Since the linear subspace
V of E generates E, there exist an integer N ≥ 1, integers M j ≥ 1 for j =
1, . . . ,N , and elements v ji of V for j = 1, . . . ,N and i = 1, . . . ,M j such that x =∨N
j=1
∧M j
i=1
v ji; see [1, Exercise 4.1.8], for example. Then
∨N
j=1
∧M j
i=1
Ψ(v ji) = 0,
so that
∧M j
i=1
Ψ(v ji) ≤ 0 for each j = 1, . . . ,N . Take such j. By hypothesis, we
have 0 ∈ co{v j1, . . . , v jMi }. Lemma 2.2 then shows that
∧M j
i=1
v ji ≤ 0. Because
this is true for each j = 1, . . . ,N , we have x =
∨N
j=1
∧M j
i=1
v ji ≤ 0. Since also
Ψ(−x) = 0, we likewise conclude that −x ≤ 0. Hence x = 0, as required. 
The conclusion of Bleier’s demonstration of the fact that free vector lattices
over non-empty sets can be realised as vector lattices of real-valued functions
is the proof of [4, Theorem 2.3]. It uses convex analysis in finite-dimensional
vector spaces. It is not too difficult to find a similar argument in the context of
locally convex topological vector spaces to establish the following result for free
vector lattices over vector spaces.
Theorem 2.4. Let V be a vector space, and let V ♯ denote the vector space of all
real-valued linear functionals on V . Take a linear subspace L♯ of V ♯ that separates
the points of V . Let Fun(L♯) denote the vector lattice of all real-valued functions
on L♯, with pointwise vector space operations and pointwise ordering. Define Ψ :
V → Fun(L♯) by setting
[Ψ(v)](l♯) := l♯(v)
for v ∈ V and l♯ ∈ L♯. Then Ψ is an injective linear map, and its unique extension
to a vector lattice homomorphism Ψ : FVL
VS
[V ]→ Fun(L♯) is also injective.
Consequently, FVL
VS
[V ] is Archimedean.
The injectivity of Ψ on the linear subspace V of FVL
VS
[V ], where it agrees with
Ψ, is implied by the injectivity of Ψ. Of course, it also follows directly from (and
is equivalent to) the hypothesis that L♯ separate the points of V .
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Proof of Theorem 2.4. For the injectivity of Ψ, we verify that the hypothesis in
Lemma 2.3 is satisfied for the the linear subspace V of FVL
VS
[V ] that generates
FVL
VS
[V ] as a vector lattice. As a preparation for this, we introduce the weak
topologyσ(V, L♯) on V . The precise form of this topology is not even important:
all that matters is that—since L♯ separates the points of V—it provides V with
the structure of a Hausdorff locally convex topological vector space such that
the σ(V, L♯)-continuous linear functionals on V are precisely the elements of L♯;
see [7, Theorem 3.10], for example.
Suppose that k ≥ 1 and that v1, . . . , vk ∈ V are such that
∧k
i=1Ψ(vi) ≤ 0 in
Fun(L♯) or, equivalently, that
∧k
i=1 l
♯(vi) ≤ 0 for all l
♯ ∈ L♯. We are to show that
0 ∈ co{v1, . . . , vk}.
For this, we first note that co{v1, . . . , vk} ⊆ span {v1, . . . , vk}, which is a finite-
dimensional subspace of V . Since there is only one topology on span {v1, . . . , vk}
that makes it into a Hausdorff topological vector space (see [7, Theorem 1.21],
for example), and since the convex hull of finitely many points in a Euclidean
space is compact (it is the continuous image of a compact simplex), we see that
co{v1, . . . , vk} is a compact subset of span{v1, . . . , vk} when this linear subspace
of V is supplied with the induced σ(V, L♯)-topology. Hence co{v1, . . . , vk} is also
a σ(V, L♯)-compact convex subset of V .
A compact convex subset of a Hausdorff locally convex topological vector
space is the intersection of the closed half-spaces containing it; see [5, Corol-
lary 3.11], for example. Since the σ(V, L♯)-continuous linear functionals on V
are precisely the elements of L♯, we see that there exist an index set A and, for
each α ∈ A, an element l
♯
α of L
♯ and a real number rα such that
(2.1) co{v1, . . . , vk}=
⋂
α∈A

v ∈ V : l♯α(v)≥ rα
	
.
Take α0 ∈ A. Since
∧k
i=1
l♯(vi) ≤ 0 for all l
♯ ∈ L♯, we have
∧k
i=1
l
♯
α0
(vi) ≤ 0.
Hence we can take an i0 with 1 ≤ i0 ≤ k such that l
♯
α0
(vi0) ≤ 0. Since vi0 is an
element of co{v1, . . . , vk}, it is an element of all closed half-planes occurring in
the intersection in the right hand side of equation (2.1). In particular, we have
that vi0 ∈
¦
v ∈ V : l
♯
α0
(v)≥ rα0
©
. The fact that l
♯
α0
(vi0) ≤ 0 then implies that
rα0 ≤ 0. Hence 0 ∈
¦
v ∈ V : l
♯
α0
(v)≥ rα0
©
. Since α0 ∈ Awas arbitrary, it is now
clear from equation (2.1) that 0 ∈ co{v1, . . . , vk}, as desired.
By Lemma 2.3, Ψ is injective. It is then immediate that FVL
VS
[V ] is Archime-
dean. 
Using once more that FVL
VS
[V ] is generated as a vector lattice by its linear
subspace V , the following is now clear.
Corollary 2.5. Let V be a vector space, and let V ♯ denote the vector space of all
real-valued linear functionals on V . Take a linear subspace L♯ of V ♯ that separates
the points of V . Let Fun(L♯) denote the vector lattice of all real-valued functions
on L♯, with pointwise vector space operations and pointwise ordering. Define Ψ :
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V → Fun(L♯) by setting
[Ψ(v)](l♯) := l♯(v)
for v ∈ V and l♯ ∈ L♯. Then Ψ is an injective linear map, and the vector sublattice
of Fun(L♯) that is generated by the linear subspace Ψ(V ) of Fun(L♯) is a model for
the free vector lattice FVL
VS
[V ] over the vector space V .
Remark 2.6.
(1) Let V be a vector space, and let M ♯ be a linear subspace of V ♯. Then
FVL
VS

M ♯

can be realised in a natural way as a vector lattice of real-
valued functions on V .
(2) Suppose that V is a topological vector space with a topological dual V ∗
that separates the points of V . Then FVL
VS
[V ] can be realised in a natu-
ral way as a vector lattice of real-valued functions on V ∗. For Banach
spaces, this fact is already implicit in the proof of [8, Theorem 3.1].
3. FREE VECTOR LATTICES OVER NON-EMPTY SETS
With Theorem 2.4 available, we can now improve the well-known result that
the free vector lattice over a non-empty set S can be realised as a vector lattice
of real-valued functions on Fun(S); see [2, Theorem 2.4] or [4, Theorem 2.3]
for this, for example. It will become apparent that, for infinite S, there are
realisations as vector lattices of real-valued functions on much smaller spaces
than Fun(S).
We start by recalling the definition.
Definition 3.1. Let S be a non-empty set. Then a free vector lattice over S is a
pair ( j, FVL
Set
[S]), where FVL
Set
[S] is a vector lattice and j : S → FVL
Set
[S] is a map,
with the property that, for every vector lattice E and for every map ϕ : S → E,
there exists a unique vector lattice homomorphism ϕ : FVL
Set
[S] → E such that
the diagram
S FVL
Set
[S]
E
j
ϕ
ϕ
is commutative.
As with FVL
VS
[V ] for a vector space V , such a vector lattice FVL
Set
[S], if it exists
at all, is unique up to a unique compatible vector lattice homomorphism. Fur-
thermore, FVL
Set
[S] is generated as a vector lattice by its subset j(S). Since the
maps from S into vector lattices clearly separate the points of S, j must be in-
jective. Hence we can (and shall) identify S with its image j(S); FVL
Set
[S] is then
generated as a vector lattice by its subset S.
As with FVL
VS
[V ] for a vector space V , it is not evident that FVL
VS
[V ] exists. In
[2, Lemma 2.1], Baker refers to a general result from universal algebra in the
paper [3] by Birkhoff for this. As Bleier remarks on [4, p. 74], this follows
from the fact that the vector lattices form wat is known in universal algebra as
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an equational class. A detailed explanation of this and of related results can
be found in [6], where [6, Theorem 6.2] ascertains, among others, that FVL
VS
[S]
exists. As with FVL
VS
[V ] for a vector space V , we shall simply use the existence of
FVL
Set
[S] as a starting point in the present paper.
We need one more definition.
Definition 3.2. Let S be a non-empty set. Then a free vector space over S is a
pair ( j, FVS
Set
[S]), where FVS
Set
[S] is a vector space and j : S → FVL
Set
[S] is a map,
with the property that, for every vector space W and for every map ϕ : S → V ,
there exists a unique linear map ϕ : FVS
Set
[S]→W such that the diagram
(3.1)
S FVS
Set
[S]
V
j
ϕ
ϕ
is commutative.
As earlier, FVS
Set
[S]), if it exists at all, is determined up to a unique compatible
linear isomorphism, and it is spanned by its subset j(S). Since the maps from
S into vector spaces clearly separate the points of S, the map j is injective. As
earlier, we may (and shall) identify S with its image j(S), so that FVS
Set
[S] is
spanned by its subset S.
The existence of FVS
Set
[S] is also guaranteed by the same general theorem on
equational classes that was alluded to above, but this can now also be proved
much easier by exhibiting an explicit model for it. For this, it is sufficient to
find a vector space with a basis indexed by S, and such a vector space is easily
found. Consider the vector space Fun(S) of all real-valued functions on S. For
each s ∈ S, define δs : S → R by setting
(3.2) δs(s
′) :=

1 when s′ = s;
0 when s′ 6= s.
Then the linear span of {δs : s ∈ S } in Fun(S) is a model for F
VS
Set
[S]. It consists
of the real-valued functions on S with finite support.
Let S be a non-empty set. We know that there exists a free vector space
( j1, F
VS
Set
[S]) over S. Since FVS
Set
[S] is a vector space, there also exists a free vector
lattice ( j2, F
VL
VS

FVS
Set
[S]

) over the vector space FVS
Set
[S], with a linear map j2 :
FVS
Set
[S] → FVL
VS

FVS
Set
[S]

. Let E be a vector lattice, and let ϕ : S → E be a map.
There is a unique associated linear map ϕ : FVL
Set
[S]→ E, which, in turn, gives
rise to a unique associated vector lattice homomorphism ϕ : FVL
VS

FVS
Set
[S]

→ E.
A little contemplation of the diagram
S FVS
Set
[S] FVL
VS

FVS
Set
[S]

E
j1
ϕ
j2
ϕ
ϕ
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then shows that ( j1◦ j2, F
VL
VS

FVS
Set
[S]

) satisfies the requirements in Definition 3.1.
Hence FVL
VS

FVS
Set
[S]

= FVL
Set
[S].1 Thus the free vector lattice over a non-empty set
S can also be obtained as the free vector lattice over the free vector space over
S.
From Theorem 2.4, we have a model for FVL
VS

FVS
Set
[S]

, i.e., for FVL
Set
[S], as a
vector lattice of real-valued functions on any linear subspace L♯ of FVS
Set
[S]♯ that
is large enough to separate the points of FVS
Set
[S]. Since, as a consequence of the
definition of FVS
Set
[S], the vector space FVS
Set
[S]♯ is isomorphic to the vector space
Fun(S), we arrive at the following result.
Theorem 3.3. Let S be a non-empty set. Take a linear subspace F of Fun(S)
with the following property: whenever n ≥ 1, λ1, . . .λn ∈ R, and s1, . . . , sn ∈ S
are such that
∑n
i=1λi f (si) = 0 for all f ∈ F , then λ1 = · · · = λn = 0. Define
Ψ : S → FunF by setting
[Ψ(s)]( f ) := f (s)
for s ∈ S and f ∈ F . Then Ψ : S → Fun(F ) is an injective map, and its unique
extension to a vector lattice homomorphism Ψ : FVL
Set
[S]→ Fun(F ) is also injective.
Since FVL
Set
[S] is generated as a vector lattice by its subset S, the following is
now clear.
Corollary 3.4. Let S be a non-empty set. Take a linear subspace spaceF of Fun(S)
with the following property: whenever n ≥ 1, λ1, . . .λn ∈ R, and s1, . . . , sn ∈ S
are such that
∑n
i=1
λi f (si) = 0 for all f ∈ F , then λ1 = · · · = λn = 0. Define
Ψ : S → FunF by setting
[Ψ(s)]( f ) := f (s)
for s ∈ S and f ∈ F . Then Ψ : S → Fun(F ) is an injective map, and the vector
sublattice of Fun(F ) that is generated by the subset Ψ(S) of Fun(F ) is a model
for the free vector lattice FVL
Set
[S] over the non-empty set S.
Such linear subspaces F of Fun(S) are easy to find. The largest possible
choice, which yields the results as in [2] and [4], is to take F = Fun(S). If S
is infinite, however, one can do with much less. Indeed, any linear subspace
F of Fun(S) that contains the functions δs as in equation (3.2) for all s ∈ S
satisfies the requirement. The minimal such one is the linear subspace of Fun(S)
that consists of all finitely supported functions on S. The following special case
seems worth noting.
Corollary 3.5. Let S be a non-empty set, and let Fun00(S) denote the real-valued
functions on S with finite support. Define Ψ : S→ Fun(Fun00(S)) by setting
[Ψ(s)]( f ) := f (s)
1This is, of course, merely an instance of a general principle that is valid for the succes-
sively taking of free objects. The argument also shows that the existence of FVL
Set
[S] follows from
the—slightly more complicated—existence of FVL
VS
[V] for every vector space V and the virtually
trivial existence of free vector spaces over non-empty sets.
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for s ∈ S and f ∈ Fun00(S). Then Ψ is an injective map, and its unique extension
to a vector lattice homomorphism Ψ : FVL
Set
[S] → Fun(Fun00(S)) is also injective.
Hence the vector sublattice of Fun(Fun00(S)) that is generated by the subset Ψ(S)
of Fun(Fun00(S)) is a model for the free vector lattice F
VL
Set
[S] over the non-empty
set S.
As we observed above, the vector space Fun00(S) is a model for the free
vector space over S. Hence the free vector lattice over a non-empty set S can be
realised in a natural way as a vector lattice of real-valued functions on the free
vector space over S.
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